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More Inference for

SLR mean response at X Simple Linear
Regression (Ch.

g e (

> Recall our model: Wil Lands

e . . SLR: Inference for
3/1 - /80 + /lel + €jf the Mean

Response at some
X

€1,...,6n ~ iid N(0,0?)
» Under the model, the true mean response at some
observed covariate value x; is:

Hy|x; = Bo + P1xi

» Now, if some new covariate value x is within the range
of the x;'s, we can estimate the true mean response at
this new x:

ﬁy‘x = by + b1x
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More Inference for

SLR mean response at X Simple Linear
Regression (Ch.
g e (
Will Landau
» But how good is the estimate? SLR: Inference for
the Mean

Response at some
X

Distributions of y
for various x

=Y

» That's why we do inference.

© Will Landau lowa State University Apr 16, 2013



SLR: mean response at x

» Under the model, i, is normally distributed with:

E(ﬁy|x) = Hy|x = Bo + B1x

Var(fi,|x) = 0 <,17 + %)

» We can construct a N(0, 1) random variable by
standardizing:

7 — M ~ N(0,1)
1 (x—Xx)?
T\ 03, (—x)
» Replacing o with s, = \/ﬁ Soilvi —yi)*
T — ﬁy\x — Hy|x ~t s

x—Xx)?2
SLF\/ 'n z( (x )x>2
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More Inference for

SLR mean response at X Simple Linear

Regression (Ch.
9.1)

> To test Ho : j1,|x = #, we can use the test statistic: Will Landau

~ SLR: Inference for
K = My|x B # the Mean
- Response at some
_x=x)2 %

D

which has a t,_» distribution if Hy is true and the model is
correct.

» A 2-sided 1 — « confidence interval for p |, is

x—x)2
ﬂy|x— n—2, 1—a/2 " SLF E )

x—x)2
Hylx + th—2, 1—a/2 " SLF Z )

and the one-sided intervals are analogous.
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More Inference for

Pressing pressures and specimen densities for a ceramic compound Simple Linear
Regression (Ch.

9.1)

A mixture of Al2O3, polyvinyl alcohol, and water was prepared, dried
overnight, crushed, and sieved to obtain 100 mesh size grains. These were
pressed into cylinders at pressures from 2,000 psi to 10,000 psi, and cylinder
densities were calculated.

Will Landau

SLR: Inference for

the Mean
Response at some
x (pressure in psi) vy (density in g/cc) X
2000.00 2.49
2000.00 2.48
2000.00 2.47
4000.00 2.56
4000.00 2.57
4000.00 2.58
6000.00 2.65
6000.00 2.66
6000.00 2.65
8000.00 2.72
8000.00 2.77
8000.00 2.81
10000.00 2.86
10000.00 2.88
10000.00 2.86
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Example: ceramics

> First, I'll make a 2-sided 95% confidence interval for the true
mean density of the ceramics at 4000 psi.

fiy|x = 2.375 + 0.0000487(4000) = 2.5697g/cc

With t,_5 1_a/2 = t13,0.07s = 2.160, the margin of error in
the confidence interval is:

X—X
th—2, 1-a/2 " SLF Z )

1 (4000 — 6000)?
— 2.160(0.0199)\/15 + W = 0.0136g/cc

Hence, the 95% Cl is:
(2.5697 — 0.0136, 2.5697 + 0.0136) = (2.5561, 2.5833)

> We're 95% confident that the true mean density of the

ceramics at 4000 psi is between 2.5561 g/cc and 2.5833 g/cc.
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. More Inference for
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Regression (Ch.
9.1)

Will Landau

SLR: Inference for
» Calculate and interpret a 2-sided 95% confidence the Mean

Response at some

interval for the true mean density at 5000 psi, given: X

> ﬂy|x = 2.375 + 0.0000487x
The margin of error is t,_o1_a/251F\/ % + E()E;y—);)z

i —Xx)? =12 x 108

n =15, x = 6000.

sir = 0.0199

t13,0.975 = 2.16

> Test Hp: Bp =0 vs. H;: By # 0 at significance level
a = 0.05 using the method of p-values.

v

vV vy vy
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More Inference for

AnSWG rs. ceram ICS Simple Linear

Regression (Ch.
9.1)

» Make a 2-sided 95% confidence interval for the true mean
density of the ceramics at 5000 psi:

Will Landau

SLR: Inference for

Tiy|x = 2.375 + 0.0000487(5000) = 2.6183g /cc r?hees[:\(/l):zg —

With t,_5 1_a/2 = t13,0.07s = 2.160, the margin of error in
the confidence interval is:

X—X
th—2, 1-a/2 " SLF Z )

1 (5000 — 6000)?
— 2.160(0.0199)\/15 + W = 0.0118g/cc

Hence, the 95% Cl is:
(2.6183 — 0.0118, 2.6183 + 0.0118) = (2.6065, 2.6301)

> We're 95% confident that the true mean density of the
ceramics at 5000 psi is between 2.6065 g/cc and 2.6301 g/cc.

© Will Landau lowa State University Apr 16, 2013



Answers: ceramics

Now for the hypothesis test:

1. Hy:B0=0, Hy: 080 #0

2. a=0.05

3. Bo is just pyx—o. The test statistic is:

s bo -0 _ bo
SILF (0=x)° S = —l— X2
RD e LF i)

» K ~ t,_, assuming:
> Hy is true.
» The model Y; = Bo + P1x; + €; is correct, with
€1,...€n ~ iid N(0,1).

© Will Landau lowa State University
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More Inference for

AnSWGrS ceram ICS Simple Linear

Regression (Ch.
9.1)

Will Landau

4. The moment of truth:
SLR: Inference for
the Mean
bo = 2375 >I?esponse at some
2.375
K= =197.09

2
0.0199,/ 1 + ;509

p-value = P(|t13] > 197.09) < 0.0001

5. With a p-value < 0.0001 < «, we reject Hy and
conclude H,.

6. There is overwhelming evidence that the intercept of the
“true” line is different from 0.

© Will Landau lowa State University Apr 16, 2013



More Inference for

Ceramlcs baCk tO the JMP OUtpUt Simple Linear

Regression (Ch.

9.1)
Will Landau
v =IBivariate Fit of density By pressure SLR: Inference for
2 - the Mean
2.85-] ry Response at some
28+ X
2.75]
Z 274
g
5 285
26+
2,55
254 *» Lack Of Fit
245 = T r
2000 | 4000 | 6000 | 8000 10800 ¥ Analysis of Variance
pressure Sum of
= - Source  DF  Squares Mean Square F Ralio
UneerFit Model 1028421333 0284213 717.0604
v|Linear Fit Emor 13 0.00515267  0.000896 Prob > F
C.Total 14 0.28936600 <0001*
density = 2.375 + 4.8667e-5"pressure
¥ Summary of Fit
RSquare 0.982193 ¥ Parameter Estimates
RSquare Adj 0.980824 Term Estimate Std Error tRatio Prob>itl
Root Mean Square Error 0.019909 Intercept 2.375 0.012055 197.01 <.0001*
Mean of Response 2.667 pressure  4.8667e-5 1.817e-6 2678 <.0001*

Observations (or Sum Wats) 15
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Ceramics: back to the JMP output M bl Lt
Regression (Ch.
9.1)

Will Landau

¥ Parameter Estimates

SLR: Inference for

Term Estimate Std Error t Ratio Probs=itl ;{heesx::at e
Intercept 2375 0.012055 187.01 <0001 x

pressure  4.8667e-5 1.817e-6 26.78 <.0001"

» The test statistic K is under “t Ratio” for the intercept.

» “Prob> |t|" for the intercept is the p-value for the
significance test you just did.

» “Estimate” for the intercept is by.
» “Std Error" for the intercept is:

= 1 x?
e TR R

© Will Landau lowa State University Apr 16, 2013




Be careful with Inference on g

> In this case and many others, Sy = p,|x— is beyond the
range of our data.

» Estimating beyond the range of our covariate values is
called extrapolation, which is dangerous for linear
regression.

» Only extrapolate when:

» You know your process or system well, and can describe
it with the right differential equations.
» You estimate the parameters of the resulting model
using nonlinear regression:
» Example: special case of the Michaelis-Menten model

for enzyme kinetics with reaction speed y and
substrate concentration x:

91X,‘
02 + x;
» See Nonlinear Regression Analysis and Its Applications
by Bates and Watts for more information on nonlinear
regression.

Y, =

+é€i

© Will Landau lowa State University Apr 16, 2013
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Simultaneous confidence intervals e
Regression (Ch.
9.1)

Will Landau

» Situations will arise when you'll want to do inference on
Iy |x=20005 Fy|x=4000, y|x=6000; - - -» all at once. Simultaneous

Confidence
» When you compute several confidence intervals at once Intervals for piy |
or do multiple tests at once, you need to account for
the simultaneity.
» On average, for every 20 tests you do at a = 0.05, we
expect 1 of those tests to conclude H, by chance alone.

» Remember: o = P(reject Hy assuming Hg is true).

© Will Landau lowa State University Apr 16, 2013



Example: http://xkcd.com/882/

JELLY BEANS WE FOUND NO THAT SETILES THAT.
CAUSE ACNE! UINK BETWEEN :

T HEAR ITS ONL
scomss) | | JEUY BEANS A ||| A coomu colog
INVESTIGATE! AWE (P > 0.05). TFWCHUSES IT.

BUT WeRE
... FINE. H""Mml

oo

@k
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http://xkcd.com/882/

Example: http://xkcd.com/882/

WE FOUND MO WE FOUND NO WE FOUND MO WE FOUND MO WE FOUND MO

LINK GETJEEN LINK BETWEEN LINK BETWJEEN LINK, GETJEEN LINK GETWEEN

PURPLE JELLY BROWN JELY P JELLY BWE Ty TEAL JELY

BEANS PRD ANE BEANS PHD ANE. | | BEANS AND ANE. BEANS AND ANE BEANS AND ANE

(p>0.05), (p>005) (p>005) (p>0.05) (p>o0.05)

& & & & &
WE FoUND NG WE Founo Mo WE FounD MO WE FounD NG WE FouND MO
LINK BETWEEN UNK BETWEEN LINK BETWEEN LINK GETWEEN LINK GETWEEN
SALMON JELLY RED JeLLy TURGUOISE JELLY | | MAGENTA JELLY YELLOW JEL
BEANS ARD ANE. BEANS AND ANE BEANS AND ANE BEANS ARD ANE. BEANS AND ANE
(P>0.05) (P>0.05) (p>005) (P>0.05). (P>0.05)
/ / ! } /
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Example: http://xkcd.com/882/

More Inference for
Simple Linear
Regression (Ch.

9.1)
WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUND A WE FOUNDNO Wl e
LINK BETWEEN LINK BETWEEN LINK BETWEEN LINK. BETWEEN LINK BETWEEN
GREY JELLY TAN JeELy CaN JELLY GREEN JELLY NAWVE JELY
BEANS D ACNE BERNS AND ACNE BEANS FND ACNE. BEANS PHD ACNE BEANS PND ACNE
(p>0.05) (P>0.05), (P>0.05), (p<0.05), (p>005)

/ I / o | /
@ @ @ "/ @ Simultaneous
d Confidence
Intervals for 1|,

WE FOUNDNO WE FOUND NO WE FOUND NO WE FOUNDNO WE FOUND NG

LINK BETWEEN LINK BETWEEN LINK BERWEEN LINK. BETWEEN LINK BETWEEN

BEIGE JELLY LA JELLY BLACK JELLY PEACH JELLY ORANGE JELLY

BEANS AHD ACNE BERNS AND ACNE BEANS FND ACNE. BEANS PHD ACNE BEANS AND ACNE

(P>0.05) (P>0.05), (P>0.05), (P>005) (P>005)

/ I / / /

© Will Landau

lowa State University Apr 16, 2013
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Example: http://xkcd.com/882/ More Inference for

E}\[eus =

GREEN JELY

REANS LINKED

™ ACNE![@p |
95, ConfrDeENe .

- e E e bl ]
g el

5% CHANGE e
g COINCIDENCE! " scipnrer..
_— T TR

Will Landau
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More Inference for

Simultaneous confidence intervals for p,, Sk o

Regression (Ch.
9.1)

Will Landau

» For simultaneous confidence intervals for p,,, for
multiple values of x, use: Simultaneous

Confidence
Intervals for p

y|x

2
bo+ bix+t+/2Fp—21-a " SLF - \/ ZX X)

(xi —X)?

» This formula accounts for the fact that we're computing
k confidence intervals at the same time.

© Will Landau lowa State University Apr 16, 2013



More Inference for

Simultaneous confidence intervals for p,, Sk o

Regression (Ch.
9.1)

¥ Will Landau

Simultaneous
Confidence
Intervals for p

y|x

Simultaneous
confidence region
for all mean responses
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More Inference for

Example: ceramics S b
Regression (Ch.
9.1)
Will Landau
» Given:
» n=15
» X = 6000
> (6 — X)? = 1.2 x 108 it
» vy =2.375+4.87 x 107 %%, s;r = 0.0199. Intervals for w1y |
» The simultaneous confidence interval formula is:

(x = x)?
bo + bix £ /2F3 k1-ay2 " SLF - fox)

» | will calculate simultaneous 95% confidence intervals
for the mean responses 1, at x = 2000, 4000, 6000,
8000, and 10000.

© Will Landau lowa State University Apr 16, 2013



More Inference for
Simple Linear
Regression (Ch.
9.1)

Example: ceramics

Will Landau
> Using F2n—21-o = F2,13,0.05s = 3.81, the intervals are of the
form:

Simultaneous
Confidence
Intervals for p

1 (x—6000)

15 1.2 x 108
= 2.375 + 4.87 x 10 °x 4 0.0549/0.066 + 8.33 x 10-9(x — 6000)?

y|x

2.375 +4.87 x 107°>x + v/2-3.81-0.0199 - \/

x, pressure  Cl, compact form Cl
2000 2.4723 £0.0246  (2.4477, 2.4969)
4000 2.5697 £ 0.0174  (2.5523, 2.5871)
6000 2.6670 +0.0142 (2.6528, 2.6812)
8000 2.7643 £ 0.0174  (2.7469, 2.7817)
10000 2.8617 +£0.0246  (2.8371, 2.8863)
© Will Landau lowa State University Apr 16, 2013 25 / 36




Ceramics; plotting simultaneous confidence

regions

v [IBivariate Fit of density By pressure
2,

2000 4000 6000 8000
pressure

| linaar Eit

¥ Line of Fit

M Confid Curves Fit

| Confid Curves Indiv  pressure
Line Color >
Line Style > | 0982193
Line Width > 0.980824
¥ Repart 0.019909

© Will Landau
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Ceramics; plotting simultaneous
regions

¥ [-IBivariate Fit of density By pressure
2.

2854 /
28 s
2754 o

274 A

density
N

2854 et

26| Ve

255 /

254 g

245 T T T T T
2000 4000 6000 8000 10000

pressure

— Linear Fit

v Linear Fit
density = 2.375 + 4.8667e-5"pressure

© Will Landau
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More Inference for

Ceramics; plotting simultaneous confidence Sl e
) Regression (Ch.
regions 1)

o a = a Will Landz
¥ [=|Bivariate Fit of density By pressure 1l Landau

2

2,85~

284

2754

Simultaneous
Confidence
Intervals for p

27

density

285 y|x
26

2,55+

245 T T T T T
2000 4000 6000 8000 10000

pressure

L imaar B
¥ Line of Fit

+ Confid Curves Fit

! Confid Curves Indiv ~ pressure

Line Color »

Line Style » 0.982193

Line Width » 0.980824
¥ Report 0.019909

Save Predicteds 2.667

Save Residuals s) 15

Plot Residuals

Set o Level »>

Confid Shaded Fit ce

© Will Landau lowa State University Apr 16, 2013 28 / 36



Ceramics; plotting simultaneous confidence

¥ [xIBivariate Fit of density By pressure
2 7
<
285+ o
28+ ° o
o
275 //
///
=z 27 e
a 2
8 265 ///I
7
26~ A
S
2,55 A
y
o
254 r/
o
25 ; . . .
2000 4000 6000 8000 10000
pressure
hd, Linear Fit
¥ Linear Fit
density = 2.375 + 4.8667e-5"pressure

© Will Landau
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More Inference for

Ceramics: calculating the margins of error in Sk o

Regression (Ch.

JMP 3

Vill Landau

eo0o conf. margin err Ceramics g
‘Simultaneous conf. margin err' in Table 'ceramics.jmp' oK [=|ceramics jmp > | <« = Simultaneous
[=1Source < pressure density conf. margin .
Column Name [Simultaneous conf. margin er Cancel 1 2 2486 . Simultaneous
2 2000 2470 . :
Lock Aoy B 2000 2472 . Confidence
DataType  Numeric ¥ [=icolumns (/1) 4 4000 2558 . Intervals for Hy|x
Moceling Type (Gontiniou™) Help | [ pressure 5 4000 257 . 7
densit 6 4000 258 .
Format
ormat = 4 Simultaneous conf 7 600 2646 4
8 6000 2657 N
Use thousands separator () o Gom| 2658 ,
Initaize Data Missing/Empty ¥ 10 800 2724 .
Jibows 1 800 2774 .
Column Properties ~ 's\” rows 15| 12 8000 2808 .
elected 1 -
Formula Formula Excluded ol 1ol e E
Hidden 0|
(] Suppress Eval o o 15 10000 2858 .
[ Edit Formula | () gnore Erors
Remove

© Will Landau lowa State University Apr 16, 2013 30/ 36



Ceramics: calculating the margins of error in N bl Lnear

Regression (Ch.

JMP 3

800 Simultaneous conf. margin err Will Landau
Table Columns ¥ — Functions (grouped) ¥ [ ok |
pressure - A Row
density =|e Numetic | Cancel |
Simultaneous cc S Transcendental
[ 3 . .
| ¥ ||'S Trigonometric | Apply | Simultaneous
+|[t=][& Character - Confidence
Comparison Intervals for p, |,
Conditional
Probability | Clear |
Discrete Probabilit
| Help |

0.0549 * ,\/ 0.066 + 000000000888 * ([ressurd- 6000 ) :

© Will Landau lowa State University Apr 16, 2013 31/36



Ceramics: calculating the margins of error in N bl Lnear

Regression (Ch.

JMP 3

Will Landau

8 00 | ceramics.jmp
=|ceramics.jmp F | < - Simultaneous
-|Source - pressure density conf. margin

2000 2.486 0.0245077929

2000 2.479 0.0245077929 Simultaneous

2000 2472 0.0245077929 confidence s
=|Columns (3/1) 4000 2.558 0.0173017766 ’
A pressure 4000 2.57 0.0173017766
A density 4000  2.58 0.0173017766

A Simultaneous conf 2.646 0.0141040654

6000  2.657 0.0141040654
6000  2.653 0.0141040654
8OO0 2724 0.0173017766

-
- 0 Lo~ ;MU & WN =

~|Rows 8000 2.774 0.0173017766
g” rows 15 12 8000 2.808 0.0173017766
Eiﬁﬁ;ﬁj ; 13 10000 2.861 0.0245077929
Hidden 0 14 10000 2.679 0.0245077929
Labelled o 15 10000 2.858 0.0245077929

© Will Landau lowa State University Apr 16, 2013 32 /36



Ceramics: calculating the

JMP

L Table Columns ¥

‘Lower Bound' in Table 'untitled'

Column Name |Lower Bound
+ Lock

Data Type Mumeric ¥

Modeling Type Continuous ¥

Format

Best v | Width[12

|| Use thousands sep

Initialize Data  Missing/Empty ¥

Column Properties ~

Formula Formula
[ Edit Fo|
[2.375+0.0
-Simultaneq
| Remove
© Will Landau

pressure
density
Simultaneous cc
Lower Bound
Upper Bound

2

margins of error

Functions (grouped) ¥

Row

Numeric
Transcendental
Trigonometric
Character
Comparison
Conditional
Probability
Discrete Probabilit

..
%
5[

>0 P>

=

®
i

lowa State University

oK
Cancel

Apply

Clear

Help

375+ 0.0000487 *] - Simultaneous conf. margin

More Inference for
Simple Linear
Regression (Ch.
9.1)

Will Landau

SLR: Infe
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Confidence
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y|x
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More Inference for

Ceramics: calculating the margins of error in Sk o

Regression (Ch.

JMP 3

Will Landau

- |untitled 4R ~ Simultaneous
- pressure density conf. margin Lower Bound Upper Bound
1 2000 2486 0.0245077929 24478922071 . )
2 2000 2,479 0.0245077929 24478922071 . Simultaneous
3 2000 2.472 0.0245077929 24478022071 . Confidence
4 4000 2,558 0.0173017766 25524982234 . Intervals for py |,
5 4000 257 0.0173017766 25524082234 .
6 4000 2,58 0.0173017766 25524982234 .
: 7 6000 2646 0.0141040654 26530959346 .
[ 6000 2,657 0.0141040654 26530959346 .
| 9 6000 2,653 0.0141040654 2 6530959346 .
_— 10 8000 2724 0.0173017766 27472082234 .
=|Columns (5/0) 1 8000 2774 0.0173017766 27472982234 -
|4 PTEsSUre 12 8000 2.808 0.0173017766 27472982234 .
:g‘?’?‘i‘h\;nmus - 13 10000 2861 0.0245077929 28374922071 -
| 4 Lower Boand + 14 10000 2,879 0.0245077929 2.8374922071 .
“d Upper Bound 15 10000 2,858 0.0245077929 28374922071 .
|
I

© Will Landau lowa State University Apr 16, 2013 34 /36



Ceramics: calculating the
JMP

'Upper Bound' in Table 'untitled'

Column Name @

v Lock
Data Type MNumeric ¥
Modeling Type Continuous v

Format

Best = | Width[J

|_| Use thousands s€

margins of error

More Inference for
Simple Linear
Regression (Ch.
9.1)

Will Landau

SLR: |

- NaNs] Upper Bound
Table Columns ¥ = Functions (grouped) ¥ oK.
pressure * =~  Row
density x| =|a Numetric Cancel
Simultaneous cc = Transcendental
Lower Bound x| %% ||| Trigonometric Apply
Upper Bound wllt=| & Character

Comparison

Conditional

Probability Clear

Discrete Probabilit

Help

Initialize Data  Missing/Empty ¥

Column Properties ~

2.375 + 00000487 * pressure + Simultaneous conf. margin

Formula Formula
| EditF
2375
+0.000
| Remove | +Simult
© Will Landau

lowa State University

Simultaneous
Confidence
Intervals for p

y|x
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More Inference for

Ceramics: calculating the margins of error in Sk o

Regression (Ch.

JMP 3

Will Landau

= |untitled Ld B - Simultaneous
~ pressure density conf. margin Lower Bound Upper Bound
1 2000 2.486 00245077929 2.4478922071 2.4969077929
2 2000 2.479 0.0245077929 2.4478922071 2.4969077929 Simultaneous
3 2000 2472 0.0245077929 24478922071 2.4969077929 Confidence
4 4000 2,558 0.0173017766 2.5524982234 2.5871017766 Intervals for 1|,
5 4000 257 00173017766 2.5524982234 2.5871017766
6 4000 258 0.0173017766 2.5524982234 2.5871017766
7 6000 2646 0.0141040654 2.6530950346 2.6813040654
8 6000 2.657 0.0141040654 2.6530950346 2.6813040654
9 6000 2,653 0.0141040654 2.6530950346 2.6813040654
_— 10 8000 2.724 00173017766 2.7472982234 2.7819017766
=|Columns (5/1) 1 8000 2774 0.0173017766 2.7472982234 2.7819017766
A pressure 12 8000 2.808 0.0173017766 27472982234 27819017766
:ds“*;i'l‘é S 13 10000 2.861 00245077929 2.8374922071 2.8865077929
4 Lower Bound + 14 10000 2.879 0.0245077929 2.8374922071 2.8865077929
15 10000 2.858 00245077929 2.8374922071 2.8865077929

4 Upper Bound 4
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