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The one-way ANOVA model Ui
Multisample
Studiets (Ch’.D 7.1

and 7.4)

Will Landau

» Suppose we have:
» Some response variable, Y LT
» Some covariate factor, X, with levels i =1,2,...,/ and
n; observations at level i.
» The one-way ANOVA model, sometimes called the
one-way normal model, is:

Yi = pi+ej

where:
» The ¢;'s are iid N(0, o)
> ; is the true mean response at level i of the factor.
> j=1,2,....n;.

© Will Landau lowa State University Apr 25, 2013 3 /34
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The one-way
ANOVA model

Yii = pi+¢€j

( Distribution 1 ( Distribution 2

Distribution 3 J Distribution r
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- Inference for
Exa mple Concrete Unstructured
Multisample
Studies (Ch. 7.1
» Compressive strengths of 8 different formulas of el 745
concrete: Will Landau
The one-way
: . ANOVA model
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» But the order of the numbers given to the formulas is
meaningless. It wouldn’t make sense to do a simple
linear regression of strength on formula.
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The one-way

> Instead of: ANOVA oy
Yi = Bo+ 51 Xi + &
with Y; as strength and X; as the formula index, we use:
Yij = pi +€jj
where:

» i is the formula index, i =1,2,...,8
> j is the index of a specimen within the formula i group.
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Inference for

Example: springs Unstructured
Multisample
Studies (Ch. 7.1
and 7.4)
» Spring constants of three types of steel springs: Wil Landau
[ The one-way
Empirical Spring Constants ANOVA model
Type 1 Springs Type 2 Springs Type 3 Springs
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> Doesn’'t make sense to regress exponential spring
. Th -
constant on spring type. ANOVA model

> Instead, we apply:

Yij = pi +€jj

where:
> Yj; is the exponential spring constant of spring type i
spring number j.
> p; is the true mean exponential spring constant of type
i
» i is the formula index, i =1,2,...,8
» j is the index of a specimen within the formula i group.
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Residuals and
fitted values

Residuals and fitted values
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Inference for

Fltted Values Unstructured
Multisample
. ~ . . . Studies (Ch. 7.1
> Similarly to before, yj; is the fitted value corresponding to yj. and 7.4)

It represents an estimate of the true mean response at factor Will Landau
level i and sample unit .

> We treat all sample units equally, letting;

1
yij:y,-.:;’_z;yij
=

the average of all the responses at factor level /.

Residuals and
fitted values

> We get y;; =¥, by minimizing the loss function:
S(ua, piz, o) = Y (v — 1)’
ij
over all the choices of 1, ua, ..., p, selecting y; to estimate
i -
> The residuals e;; are then:

&j = Yij = Yi.
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Example Computations of Residuals for the Concrete Strength Study Wil Lang
i! yij’ i’jj = 5”&"
Concrete  Compressive Fitted €
Specimen  Formula  Strength (psi) Value Residual Residuals and
1 1 5,800 5,635.3 164.7
2 1 4,598 5,635.3 —1,037.3
3 1 6,508 5,635.3 872.7
4 2 5,659 5,753.3 —94.3
5 2 6,225 5,753.3 47179
22 8 2,051 2,390.7 —339.7
23 8 2,631 23907 240.3
24 8 2,490 23907 99.3
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Example: concrete

Standard normal quantile

301
1.5
00 s
-15F ‘
I | | I | I |
-1050 =700 =350 0 350 700 1050

© Will Landau

Residual quantile (psi)
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Variance
estimation

Variance estimation
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Inference for

Va rlance estlmatlon Unstructured

Multisample
Studies (Ch. 7.1
and 7.4)
» We can compute a sample variance for each factor level: Will Landau
2 1 — 32
Si = E Yii — Yij
I nj — 1 & ( ) u)
J

Variance
estimation

» And we can compute a pooled sample variance:

(m —1)sf + (2 —1)s5 +--- + (n — 1)s}
(nl—l)—l—(nz—l)—i—---—i—(n/—l)

2=

» The pooled sample standard deviation is just sp = 5,2D
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Inference for

Va rlance estlmatlon Unstructured
Multisample
> If n=73"; nj, then: Studies (ChF.) 71
and 7.4)
) (nm — 1)512 +(m — 1)522 +o (g — 1)512 Will Landau
Sp =
(m—=1)+(m—-1)+ -+ (n—1)
=) (F) S -+ =) () 0 - )
n—1
_ 7. Variance
B y’) estimation
ij
1 2
- n—1 Z €
ij
» As it turns out,
E(s3) = o2

n—1

2 2
2 Sp ™~ Xn—1
g

> A 1— o confidence interval for o2 is of the form:

n—1 5 n—1 5
( 5 Spy — Sp
Xn—1, 1-a/2 Xn—1, a/2
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Summary Statistics for the Concrete Strength Study

Will Landau

i, ng, ¥ 5,
Concrete  Sample Sample Sample Standard
Formula Size Mean (psi) Deviation (psi)
Variance
1 n,=3 ¥, =56353 5, = 965.6
2 n,=3 y,=5,753.3 5, =432.3
3 n,=3 y,=4,5273 s, = 509.9
4 n,=3 y,=34423 s, = 3564
5 ns=3 y;=2,923.7 5; = 852.9
6 ng,=3 y,=3,3247 s, =353.5
7 n,=3 y,=15513 s, =3505.5
8 ng=3 y,=2,390.7 s = 302.5
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(3 —1)(965.6)% + (3 — 1)(432.3)% + --- 4 (3 — 1)(302.5)?
B=D+ - +(E-1) S

B 2965.62 +432.32 4 .- + 302.52

- 16

sp=

= 338213 psi?
sp = /338213 = 581.6psi
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Inference for

Exa m ple Concrete Unstructured

Multisample

Studies (Ch. 7.1

> n:24, I:8, n—1=16. and 7.4)
> X%6, 0.95 — 26.296, X%ﬁ, 0.05 — 7.962 Will Landau
» Hence, a 90% 2-sided confidence interval for o2 is:

16 - 581.62 16 -581.62
26.296 ’  7.962

Variance

= (2058167 6797459) estimation

and you can make a 90% confidence interval for o by
transforming the endpoints of the confidence interval
for o2:

(1205816, v/679745.9) = (453.7, 824.5)

» We're 90% confident that the true overall standard
deviation of compressive strength of the concrete within
factor levels is between 453.7 psi and 824.5 psi.
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Standardized
residuals

Standardized residuals
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Standardized residuals Unstruciired
Multisample
Studiets (Ch’.D 7.1
and 7.4)

Will Landau

» Just as before, even though ¢;; ~ iid N(0,02), the e;'s
don’t have constant variance.
» The standardized residuals for the one-way ANOVA

model are of the form: _
Standardized

residuals

which are about N(0, 1) on average.
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Inference

© Will Landau lowa State University Apr 25, 2013 22 / 34



Inference for

Inference for the one-way ANOVA model {nference for
Multisample
1. Ho:pr=p2=---=p, Hs:not all the u;'s are equal. )

2. « is some sensible value. Will Landau
3. The test statistic is:
MSR SSR/(1 —1)

K= MSE = SSEj(n—1)

» Here,

> nis the number of observations.
> | is the number of levels of the covariate.

> SSR=>,0i—v.) =>;0. -7.)
» SSE = Z,-j(yij - yu)2 = ij(yij —?L)z
> SST =3,(ys —7.)?
> Y. = %Zijyfj
» Assume Hj is true, the model is valid, and the ¢j;'s are
iid N(0,0?)
» Then, K ~ Fj_1 n_y.
> Reject Hy if K> Fi_1, n—1, 1-a

Inference
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Inference for the one-way ANOVA model Unstruciired
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Will Landau

4. The moment of truth: construct the ANOVA table:

Source SS  df MS F
Covariate SSR /-1 SSR/(I —1) MSR/MSE
Error SSE n—1 SSE/(n—1) [,
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Exa m p | e: conc rete Inference for

Unstructured

Multisample
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and 7.4)

Will Landau
1. Hy:py=p2=---=pug, Hy:not all the u;'s are equal.
2. a=0.05

3. The test statistic is:

MSR _ SSR/(I—1)  SSR/7

K= MsE = SSE/(n—1) ~ SSE/16

Inference

> Assume Hp is true, the model is valid, and the ¢;;'s are
iid N(0,0?)

> Then, K ~ F/_17 n—|-

» Reject Hp if K > :‘:/_17 n—1I, 1—a = F7716,0_95 = 2.66
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; Inference for
Exa mple Concrete Unstructured
Multisample
Studies (Ch. 7.1
and 7.4)

4. The moment of truth: we start by calculating SST,SE,,
Will Landau
and SSE:

(5,800 — 3,693.6)% + (4,598 — 3,693.6)* + (6,508 — 3,693.6)"
+ -+ (2,631 — 3,693.6)% + (2,490 — 3,693.6)%
= 52,772,190 (psi)*

s& = 338,213.1 (psi)> and n — r = 16, 50

Inference
SSE = (n — r)ss = 5,411,410 (psi)?

Lastly, we calculate SSR:

,
D (5, = 5)* = 47,360,780
i=1
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ANOVA Table (for testing Hy: pu, = p, =+ -+ = ptg)

Source 58 df MS F
Treatments 47,360,780 7 6,765,826 20.0
Error 5411410 16 338,213

Total 52,772,190 23

Inference

5. With K =20.0 > 2.66, we reject Hy and conclude H,.

6. There is enough evidence to conclude that the
compressive strength of the concrete varies with
formula.
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Example: railroad rails Unstructured

Multisample

. Studies (Ch. 7.1
» The following data are taken from the paper Zero- Force ' and(7.4)

Travel-Time Parameters for Ultrasonic Head-Waves in
Railroad Rail by Bray and Leon- Salamanca (Materials
Evaluation, 1985).

> Given are measurements in nanoseconds of the travel time
(in excess of 36.1 us) of a certain type of mechanical wave
induced by mechanical stress in railroad rails.

Will Landau

Travel Time

Inference

Rail (nanoseconds above 36.1 us)

55,53,54
26,37,32
78,91,85
92,100, 96
49,51,50
80,85,83

(= R N A S
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Will Landau

> We apply the model:
Yij = Wi+ €jj

where:
» Yjj is the observed travel time (ns) of the wave in excess  [E_—_

of 26.1 us for Rail i wave j.
> u; is the true mean travel time (ns) in excess of 26.1 us

of waves through Rail /.
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v */Oneway Analysis of Time By Rail
110
100+
a0 -
80
70

Time

1 Inference
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Example: railroad rails

¥ Residual by Predicted Plot
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© Will Landau
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Inference for

Example rallroad ralls Unstructured
Multisample
Studiets (Ch’.D 7.1
and 7.4)
Will Landau
Ho : 1 = po = -+ = e, Hy: not all the p;'s are equal.
o =0.05

The test statistic is:
MSR SSR/(1 —1) SSR/(6—1) SSR/5

K= MsE = SSE/(n—1)  SSE/(18—6) SSE/12

Inference

> Assume Hj is true, the model is valid, and the ¢;;'s are
iid N(0,0?)

> Then, K ~ F/_17 n—|-

» Reject Hp if K > :‘:/_17 n—1I, 1—a = F5712,0_95 =311
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Inference for

Example rallroad ralls Unstructured

Multisample
Studies (Ch. 7.1
and 7.4)

4. The moment of truth: load the data into JMP and fit
travel time on rail, and make sure the rail variable is a
factor.

Will Landau

. |[=IPrab 3,jmp
Click Category: = B rine @00 Rail
File 1 55
Basic 3 5 =3 ‘Rail' in Table Prob 3.jmp' ook |
Maodel
Muttvarate sl = CoumnMeme fal ] [ Cancel |
Reliability 4 B 28 T Lok
Graph @1y 5 2 a7 [ Loct [ amely )
Surface 6 2 2 Data Type Numeric v
Measure 7 B L i : [ Hep | Inference
Cone sl a ol | Moo Tefemn T ==
DOE Format
9 3 85 i

Tables = o) [Best~| wienn[10]
SAS 11 4 100 (] Use thousands separator (,)

—_— 12 4 96

[=IRows = 3 Column Properties +

All rows 18| 4 s 5

Selected 0|

Excluded 0 :Z Z Bsg

Hidden 0

Labelled 9 17 B 85

18 6 83
L | Preferences T Examine and set system preferences.
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Will Landau

¥ Analysis of Variance

Sum of
Source DF Squares Mean Square F Ratio
Madel 5 9310.5000 1862.10 115.1814
Error 12 194.0000 16.17 Prob>F
C. Total 17 8504.5000 <.0001*

Inference

With K = 115.18 > 3.11, we reject Hy and conclude H,.

There is enough evidence to conclude that the true
mean excess travel time of waves along the rails depends
on the rail.
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