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The normal (Gaussian) distribution

I A random variable X is Normal(µ, σ2) if its pdf is:

f (x) =
1√

2πσ2
e−(x−µ)2/2σ2

I Using calculus, one can verify that:
I E (X ) = µ
I Var(X ) = σ2

I X−µ
σ ∼ N(0, 1), where N(0,1) is the standard normal

distribution (mean 0, variance 1).
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The standard normal distribution

I A standard normal random variable, usually called Z ,
has the pdf:

φ(z) =
1√
2π

e−z
2/2

I The standard normal pdf is usually denoted φ(z).

I The standard normal cdf is usually denoted Φ(z).
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Uses of the normal distribution

I A normal random variable is (often) a finite average of
many repeated, independent, identical trials.

I Examples:
I Mean width of the next 50 hexamine pellets.
I Mean height of the next 30 students.
I Your SAT score.
I Total % yield of the next 40 runs of a chemical process.
I The next blood pressure reading.
I Several kinds of measurement error.
I Corrosion resistance of carbon/carbon composites.
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A look at the normal density: a bell curve

© Will Landau Iowa State University Feb 28, 2013 6 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

As usual, areas denote probabilities
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The relationship between normal probabilities and standard normal

probabilities.
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Normal probabilities

I Since Z = X−µ
σ is standard normal probability values

from X can be expressed as:

P(a ≤ X ≤ b) = P

(
a− µ
σ
≤ Z ≤ b − µ

σ

)
=

∫ (b−µ)/σ

(a−µ)/σ

1√
2π

e−z
2/2dz

I Unfortunately, the integral cannot be evaluated
analytically. Instead, we use either:

I A computer.
I A standard normal probability table like the one in

Table B.3 in Vardeman and Jobe.
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Example: baby food

I J. Fisher, in his article Computer Assisted Net Weight
Control (Quality Progress, June 1983), discusses the filling of
food containers with strained plums with tapioca by weight.
The mean of the values portrayed is about 137.2 g, the
standard deviation is about 1.6 g, and data look bell-shaped.

I Let W = the next fill weight. Then,
W ∼ N(µ = 137.2, σ2 = (1.6)2).

I Let’s find the probability that the next jar contains less food
by mass than it’s supposed to (declared weight = 135.05 g).

P(W < 135.0) = P

(
W − 137.2

1.6
<

135.05− 137.2

1.6

)
= P(Z < −1.34)

= Φ(−1.34)

I The approximate value of Φ(−1.34) is found to be 0.0901 in
Table B.3.
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Your turn: using the standard normal table,
calculate the following.

1. P(X ≤ 3), X ∼ N(2, 64)

2. P(X > 7), X ∼ N(6, 9)

3. P(|X − 1| > 0.5), X ∼ N(2, 4)

4. P(X is within 2 standard deviations of its mean.)
X ∼ N(µ, σ2)
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Answers: normal probabilities

1. P(X ≤ 3), X ∼ N(2, 64)

P(X ≤ 3) = P

(
Z ≤

3− 2
√

64
= 0.125

)
= Φ(0.125)

= 0.5478 from the standard normal table
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Answers: normal probabilities

2. P(X > 7), X ∼ N(6, 9)

P(X > 7) = P

(
Z >

7− 6
√

9
= 0.33

)
= 1− P (Z ≤ 0.33)

= 1− Φ(0.33)

= 1− 0.6293 from the standard normal table

= 0.3707
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Answers: normal probabilities

3. P(|X − 1| > 0.5), X ∼ N(2, 4)

P(|X − 1| > 0.5) = P(X − 1 > 0.5 or X − 1 < −0.5)

= P(X − 1 > 0.5) + P(X − 1 < −0.5)

= P(X > 1.5) + P(X < 0.5)

= P

(
X − 2

2
>

1.5− 2

2

)
+ P

(
X − 2

2
<

0.5− 2

2

)
= P(Z > −0.25) + P(Z < −0.75)

= 1− P(Z ≤ −0.25) + P(Z ≤ −0.75)

= 1− Φ(−0.25) + Φ(−0.75)

= 1− 0.4013 + 0.2266 from the standard normal table

= 0.8253
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Answers: normal probabilities

4. P(X is within 2 standard deviations of its mean.) X ∼ N(µ, σ2)

P(|X − µ| < 2σ) = P(−2σ < X − µ < 2σ)

= P(µ− 2σ < X < µ+ 2σ)

= P

(
(µ− 2σ)− µ

σ
<

X − µ
σ

<
(µ+ 2σ)− µ

σ

)
= P(−2 < Z < 2)

= P(Z < 2)− P(Z < −2)

= Φ(2)− Φ(−2)

= 0.9773− 0.0228

= 0.9545
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Normal quantiles

I I can find standard normal quantiles by using the standard normal tabl:e
in reverse.

I Example: for the jar weights W ∼ (137.2, 1.62), I will find Q(0.1)

0.1 = P(X ≤ Q(0.1))

= P

(
Z ≤

Q(0.1)− 137.2

1.6

)
= Φ

(
Q(0.1)− 137.2

1.6

)
Φ−1(0.1) =

Q(0.1)− 137.2

1.6

Q(0.1) = 137.2 + 1.6 · Φ−1(0.1)

Φ−1(0.1) = −1.28 from the standard normal table. Hence:

Q(0.1) = 137.2 + 1.6(−1.28)

= 135.152

© Will Landau Iowa State University Feb 28, 2013 19 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

Finding Q(0.1)

© Will Landau Iowa State University Feb 28, 2013 20 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

Your turn: calculate the following:

1. Q(0.95) of X ∼ N(9, 3)

2. c such that P(|X − 2| > c) = 0.01, X ∼ N(2, 4)

3. c such that P(|X − µ| < σc) = 0.95, X ∼ N(µ, σ2)
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Answers

1. Q(0.95) for X ∼ N(9, 3)

0.95 = P(X ≤ Q(0.95))

= P

(
X − 9
√

3
<

Q(0.95)− 9
√

3

)
= P

(
Z <

Q(0.95)− 9
√

3

)
0.95 = Φ

(
Q(0.95)− 9
√

3

)
Φ−1(0.95) =

Q(0.95)− 9
√

3

Q(0.95) =
√

3 · Φ−1(0.95) + 9

=
√

3 · (1.64) + 9 (from the std. normal table)

= 11.84
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Answers

2. c such that P(|X − 2| > c) = 0.01, X ∼ N(2.1, 4)

0.01 = P(|X − 2| > c)

= P(X − 2 > c or X − 2 < −c)

= P(X − 2 > c) + P(X − 2 < −c)

= P

(
X − 2

2
>

c

2

)
+ P

(
X − 2

2
< −

c

2

)
= P

(
Z >

c

2

)
+ P

(
Z < −

c

2

)
= P

(
Z < −

c

2

)
+ P

(
Z < −

c

2

)
(φ(z) is symmetric about 0)

= 2P
(
Z < −

c

2

)
0.01 = 2Φ(−c/2)

0.005 = Φ(−c/2)

Φ−1(0.005) = −c/2

c = −2Φ−1(0.005)

= −2 · (−2.58) (using the standard normal table)

= 5.16
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3. c such that P(|X − µ| < σc) = 0.95, X ∼ N(µ, σ2)

0.95 = P(|X − µ| < σc)

= P(−σc < X − µ < σc)

= P

(
−c <

X − µ
σ

< c

)
= P(−c < Z < c)

= P(Z < c)− P(Z < −c)

= (1− P(Z > c))− P(Z < −c)

= (1− P(Z < −c))− P(Z < −c)

(since φ(z) is symmetric about 0)

= 1− 2P(Z < −c)

0.95 = 1− 2Φ(−c)

0.05 = 2Φ(−c)

c = −Φ−1(0.025)

= −(−1.96) from the standard normal table

= 1.96
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The Student t distribution

I A random variable T has a tν distribution − that is, a t
distribution with ν degrees of freedom − if its pdf is:

I We use the t table (Table B.4 in Vardeman and Jobe)
to calculate quantiles and probabilities.

I Like the standard normal distribution, the t distribution
is mound-shaped and symmetric about 0.

I The t distribution has fatter tails than the normal, but
approaches the shape of the normal as ν →∞
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Find probabilities and quantiles of tν with the t
table.

I Say T ∼ t5. P(T ≤ 1.476) = 0.9

I You can find quantiles labeled in the top row.
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The chi-square distribution

I A random variable S ∼ χ2
ν (is chi-square with ν

degrees of freedom) if its pdf is:

I Use Table B.5 in Vardeman and Jobe to find chisquare
probabilities and quantiles.

I A chi-square random variable is the sum of ν
independent standard normal random variables.

I A chi-suqare distribution is not symmetric.
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Use Table B.5 to find chi-square probabilities and
quantiles.

I Q(0.9) of χ2
6 is 10.645.

© Will Landau Iowa State University Feb 28, 2013 38 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

Outline

Overview

Normal Probabilities

Normal Quantiles

The Student t Distribution

The Chi-square Distribution

The F Distribution

Special Notation of Quantiles

© Will Landau Iowa State University Feb 28, 2013 39 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

The F distribution

I X has an Fν1,ν2 distribution if it has pdf:

I An Fν1,ν2 random variable is a χ2
ν1

RV divided by an
independent χ2

ν2
RV. That’s why ν1 is the numerator

degrees of freedom and ν2 is the denominator
degrees of freedom.

I Use Tables B.6A-B.6E to find probabilities and
quantiles.

© Will Landau Iowa State University Feb 28, 2013 40 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

A look at the F density

© Will Landau Iowa State University Feb 28, 2013 41 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

A look at the F density

© Will Landau Iowa State University Feb 28, 2013 42 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

A look at the F density

© Will Landau Iowa State University Feb 28, 2013 43 / 46



Special Continuous
Random Variables

Will Landau

Overview

Normal
Probabilities

Normal Quantiles

The Student t
Distribution

The Chi-square
Distribution

The F Distribution

Special Notation
of Quantiles

Find probabilities and quantiles of the F
distribution with Tables B.6A-B.6E

I The 0.99 quantile of the F4,5 distribution is 11.39.
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Special notation of quantiles

1. Q(p) for N(0, 1) is often denoted zp.

2. Q(p) for tν is often denoted tν,p.

3. Q(p) for χ2
ν is often denoted χ2

ν,p.

4. Q(p) for Fν1,ν2 is often denoted Fν1,ν2,p.
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